Abrupt track vertical stiffness variations along railway tracks can lead to increased dynamic loads, asymmetric deformations, damaged track components, and consequently, increased maintenance costs. The junction of slab track and ballasted track is one of the existing areas where vertical track stiffness can suddenly change, therefore requiring a transition zone that smoothes the track stiffness change. One of the methods for constructing the transition zone at the junction of slab and ballasted tracks is to install auxiliary rails along the transition zone. In the present study, the dynamic behavior of this type of transition zone was evaluated by a train-track interaction model. For this purpose, a 3D model of the railway track was made, representing the slab track, the transition zone, and the ballasted track. Then, the modeling results were validated by the results of field tests. Afterwards, in order to study the dynamic behavior of the transition zone with auxiliary rails, different sensitive analyses, such as vehicle speed, vehicle load, number of auxiliary rails and railpad stiffness, were performed with the model. The obtained results showed that the use of auxiliary rails reduced the rail deflection variations along the transition zone from 35% to 28% for low and medium speeds (120, 160, 200 km/h), and from 40% to 33% for high speeds (250, 300 km/h).
vehicle components, disturbance of rail alignments and, as a result, increased maintenance costs. Studies showed that significant track stiffness variations along railway lines is one of the main reason of track geometric disturbance. In the Netherlands, 40% of maintenance costs is related to maintaining track standard geometric conditions and the maintenance costs of transition zones are 2-4 times higher than other areas of railway lines (Holscher and Meijers 2007) . According to Sasaoka and Davies (2005) , annually about 200 M$ are spent for the maintenance of transition zones in American railway tracks. In Europe, annually 85 M€ are also spent for the maintenance of transition zones (Hyslip et. al. 2009 ).
The weak behavior of railway track along transition zones is generally caused by permanent relative settlement, geotechnical defects and sudden changes of vertical track stiffness (Sasaoka and Davies 2005, Coelho et. al. 2009 ). Li et al. (2010) categorized the track main damages in transition zones in three categories: a) geometric disturbance of track, b) mud pumping and c) damages of track components. The numerical results of Lei and Zhang (2010) et al. showed that the stiffness transition pattern of the track has a significant effect on the dynamic behavior of track and train, and that a gradual track stiffness transition can significantly decrease the wheel-rail interaction forces at the transition zone.
In order to provide a mild variation of the track stiffness along the railway track transition zone, a large variety of approaches have been proposed. Insa et al. (2012) investigated the effect of under sleeper pads in the transition zone adjacent to the bridges. Shan et al. (2013) investigated the transition zone behavior located on the embankment adjacent to the bridges. In this study, two types of transition zones, including inverted trapezoid section and two-part transition section, were evaluated by 3D modeling using ANSYS software. In some tracks, constructing a transition zone by reinforcing or stabilizing the weak subgrade using methods such as hot mix asphalt, soil cement, stone columns, piling, and geo-synthetic materials can be recognized as an appropriate solution (Read and Li 2006) . Construction of transition zones through gradually changing the sleepers' length (AREMA 2005) , gradually changing the sleepers' spacing (Sussman and Selig 1998) , or through the use of inclined concrete approach slab (TCRP 2000) are also among the traditional methods for transition zone construction. Zakeri and Ghorbani (2011) conducted a numerical study on the behavior of the transition zone from the ballasted track to ballastless track including approach slab with variable thickness. Coelho et al. ( , 2011 investigated the transition zone adjacent to the concrete culvert located on the soft soil embankment. In this study, presence of the unsupported sleepers in the transition zone was evaluated as the main reason for the poor performance of the transition zone. Varandas et. al. (2013 Varandas et. al. ( , 2016 examined the long-term behavior of the transition zone adjacent to the concrete culvert numerically. In this study, the behavior of the transition zones including the approach slab around the culverts was examined in several-month periods. studied a transition zone with prefabricated reinforced concrete slabs by means of a 3-D FEM model.
Transitions from slab tracks to ballasted tracks along railway lines are typical locations where the vertical track stiffness changes abruptly. A possible method to construct the transition zone between the slab track and the ballasted track is the installation of auxiliary rails along the transition zone (Read and Li 2006) . There is however some shortage knowledge about the dynamic behavior of this type of transition zone under vehicle passages, considering different velocities and vehicle loads, the influence of track characteristic such as rail pad stiffness, and the effect of number of auxiliary rails. Therefore, in this study, the dynamic behavior of this type of transition zone was investigated by developing a 3D model of the railway track, that considers the train-track interaction. After constructing the model, the model was validated with results from field measurements performed in the analyzed railway transition Then, in order to investigate the dynamic behavior of the transition zone with auxiliary rails, different sensitive analyses such as vehicle speed, vehicle load, number of auxiliary rails and railpad stiffness, were performed with the model. The obtained results and their interpretation are presented in the current article.
MODELING

Overview of the Model
In this study, a 3D train-track interaction model was programmed to investigate the dynamic behaviour of a railway transition from slab track to ballasted track. This program was fully coded in MATLAB. The program uses the finite element method to discretize the spatial domain. This program includes the three main distinct systems: the vehicle system, the track superstructure system and the substructure/soil system, as presented in Figure 1 . The procedure of modelling and its validation is explained in this section. 
Model of Vehicle System
The vehicle system was modeled as an assemblage of rigid bodies, damper and spring elements. Figure  2 shows the longitudinal and front views of the railway vehicle model. As depicted in this figure, each vehicle was considered with seven degrees-of-freedom, including three translations and four rotations. The matrices of mass, damping and stiffness were derived as below: 
Model of Track Superstructure System
The track superstructure system, hereafter called the 'track system', consists of main rails, auxiliary rails, railpads, and sleepers (in ballasted track) or concrete slab (in ballastless track The main and auxiliary rails are built with Euler-Bernoulli beam elements. Moreover, Euler-Bernoulli beams and a grid of beam elements are used to model the sleepers and the concrete slab, respectively. Each node of beam elements has five degrees-of-freedom; as three translations and two rotations, neglecting the torsional rotation. The railpads, which connect the rails to the sleepers (or slab), were simulated by 3D spring-damper elements. The length of rail elements and rail support spacing were supposed to be 200 and 600 mm, respectively. Besides, the track gauge, sleeper length and concrete slab width were 1500, 2600 and 3000 mm, respectively.
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Model of Substructure/Soil System
The substructure/soil system includes all soil and layers underneath the sleepers or the concrete slab. In ballasted track it is composed of ballast, subballast, subgrade and soil layer, while in ballastless track, it consisted of HBL (hydraulic bonded layer), FPL (frost protection layer), prepared subgrade, formation layer and soil layer. The substructure/soil system is discretized with low-order eight-node solid hexahedral elements (Bathe 1996 , Hughes 2003 , Bhatti 2005 . Three degrees-of-freedom of translation are considered per node. A series of visco-elastic dampers (dashpots) were used to absorb the propagating waves on lateral boundaries of the model (Lysmer and Kuhlemeyer 1969, Kouroussis et. al. 2011 ).
Model of Interaction Forces
As shown in Figure 1 , the three main systems contact together by means of two types of interaction forces: wheel/rail and track/substructure interaction forces. These interaction forces were considered only in the vertical direction. The Hertzian contact theory was used to determine the wheel-rail interaction forces (Timoshenko and Goodier 1970, Vale and Calçada 2014) :
Where / . is the vertical interaction force between wheel j and rail, is the stiffness coefficient and is the indentation deformation of the solids in contact for wheel . The vertical interaction force between two nodes of slab (or sleeper) and substructure (or ballast), one belonging to the track system and the other to the substructure/soil system, identified by t.i and s.i, respectively, is determined (at each time step) with:
Where / . is the vertical interaction force between nodes t.i and s.i , . and . are the corresponding contact and friction parameters, . and . are the corresponding vertical displacements, . and . are the corresponding vertical velocities and represents the height of gap space between sleeper and the ballast surface, when existent.
Solving the Motion Equations of Model
The total coupled system of motion equations of the model includes one equation for the vehicle system, one equation for the track system and one equation for the substructure/soil systems, according to: 
where the subscripts , and refer to the vehicle, track and substructure/soil systems, respectively. Irrespective of the subscripts, , and are the global stiffness, damping and mass matrices of the structural systems, , and are, respectively, the vectors of nodal displacements, velocities and accelerations, is the vector of the gravity loads, / is the vector of the wheel-rail interaction forces, and / is the vector of the interaction forces between the slab (or sleepers) and the substructure (or ballast).
The global stiffness and mass matrices of track and substructure/soil systems were obtained by traditional finite element assembling procedure. The damping matrices and , representing the material damping of the track and substructure/soil systems respectively, were determined following the Rayleigh damping concept (Hughes 2003) . According to Rayleigh concept, damping matrix C can be determined by a linear combination of the M mass and K stiffness matrices as (Hughes 2003 , Ribes et, al. 2016 :
Where α and β are respectively the mass and stiffness proportional Rayleigh damping. The damping ratio for the nth mode natural frequency of a system (ω n ) can be calculated by following equation (Hughes 2003) :
In this study, damping ratio for all layers of substructure/soil system is considered equal to 3%. Finally, Zhai's method (1996) explicit integration scheme was used for integrating the spatially discretized equations with respect to time (Hughes 2003 , Zhai 1996 .
MODEL VALIDATION
Field Tests
The Tehran-Karaj railway line passes through an 8 km tunnel box adjacent to the Tehran urban area. The superstructure system of the tracks in and out of the tunnel is respectively slab track and ballasted track as shown in Figure 3 . So in the entrance and exiting approach of the tunnel, the track stiffness changes suddenly. To provide a gradual change in track stiffness, transition zones were constructed in the junction points of slab track and ballasted track. The dynamic behavior of the transition zones with and without auxiliary rails were compared through field measurements. For this purpose, the test tracks, including the transition zone with and without auxiliary rails, were instrumented as shown in Figure 4 After installing the LVDTs, the field measurements were performed by passages of a rail vehicle over the test tracks as shown in Figure 5 (a). The specifications of this railway vehicle, an OBW 10.102 model made by Plasser & Theurer Company (2009) , are presented in Table 1 . For ensuring the precision of the obtained results, all measuring tests were repeated three times.
For further ensuring about the results, the model validation was also performed with the obtained measurements of a track recording railcar. This railcar is able to scan the track and measure the rail displacements continuously along the track (Norman, 2004) . For this purpose, a measurement device that is consisting of a sensor and processing unit is attached to the car body. In this study, the measurement device connected to the body of a common locomotive, GT 26, as shown in Figure 5 (b).
The specifications of this vehicle, Gt 26 locomotive, are presented in 
Validation of the Model
For validation of the numerical model, the obtained results from the measurement tests and of the numerical model are compared together in this section. The characteristics of the model, including the vehicle and the track properties are respectively presented in Table 1 and Table 2 . The cross sections and a 3D view of the model including the slab track, transition zone and ballasted track are shown in Figure 6 According to explanation in section 3.1., two kind of field tests performed for validation of the model: passing of the OBW 10.102 railcar and GT 26 locomotive. Figure 7 presents the obtained measured and numerical displacements due to passing of the OBW 10.102 railcar along the tracks at the analyzed segments with and without auxiliary rails. As illustrated in Figure 7 , the measurement and model results, in the slab track, transition zone with auxiliary rails and ballasted track, are in very close agreement. It can be verified that there are however some differences between the trend of measurement and of model diagrams, but their generally tendency is similar. The mentioned differences could be cause by measurement errors, installation faults, modeling discrepancy regard to real condition, etc. The difference between modeling and measurement results in slab track section is slightly higher than the discrepancies in the transition zone and ballasted track. Anyway, the error between the model and measurement results for whole track sections are less than 10%. So, these results show that the numerical model is in good enough agreement with the measurements, which makes it adequate to evaluate the behavior of the railway track transition zone. Figure 8 shows the comparison of rail deflections between the measurement and numerical displacements due to passing of the GT 26 locomotive. In this figure, the moving average of rail displacements along the tracks with and without auxiliary rails are compared together. As seen in this figure, there are a good agreement between obtained results from the measurement test and numerical model for both tracks with and without auxiliary rails. 
SENSITIVITY ANALYSES
To evaluate the dynamic behavior of the railway track transition zone with auxiliary rails, various sensitive analyses were performed. The considered aspects were the passage speed, the vehicle load, the number of auxiliary rails and the railpad stiffness. For this purpose, the track properties were considered as Table 2 and vehicle characteristics supposed be as Table 3 Table 3 : Properties of railway vehicle (Zhai et. al. 2004, Zakeri and Xia 2008) .
Investigating the Effect of Passage Speed
In this section, the effects of the vehicle passage at speeds of 120, 160, 200, 250, and 300 km/h on the behaviour of the transition zone with auxiliary rails is investigated. Figure 9 shows the diagrams of maximum downward rail deflection variations along the transition zone for various speeds and Figure  10 demonstrates the variation trend of the rail deflections in different track sections (slab track, transition zone with auxiliary rails and ballasted track) for various vehicle speeds. In these figures, the diagrams of the rail deflection variations with and without auxiliary rails are compared. According to Figure 9(a) , the maximum rail deflection variations in the absence of the auxiliary rails are suddenly increased for all the speeds. The notable point at these variations is that the increase in the rail deflections in the absence of auxiliary rails was about 35% for low and medium speeds (120, 160, 200 km/h), while for the high speeds (250, 300 km/h), it is more intense and reaches about 40%. Figure 9(b) shows the variations of the maximum rail deflection in the case of using two auxiliary rails at the transition zone from slab to ballasted tracks. As seen in this figure, the increase of the rail deflection variations at the transition zone is 28% and 33% for low/medium speeds and high speeds, respectively. According to these results, the use of auxiliary rails leads to lower rail deflection variations from slab to ballasted tracks for all the speeds. 
Investigating the Effect of Vehicle Load
In this section, the effect of vehicle load in the range of 180-250 kN on the behavior of the rail track at the transition zone with auxiliary rails is investigated. The diagrams of Figure 11 demonstrate the rail deflection variations for various vehicle loads in cases of presence and absence of the auxiliary rails. Moreover, the rail deflection variations in different track sections (slab track, transition zone with auxiliary rails and ballasted track) for different vehicle loads shown in Figure 12 . As seen in Figure 11 (a), the maximum rail deflection from slab to ballasted tracks in the absence of auxiliary rails is suddenly increased, which is the same for all the vehicle loads and nearly 35%. Figure 11(b) shows the variations of the maximum rail deflection along the rail line in the case of transition zone with auxiliary rails for various vehicle loads. As seen in these figure, the increase in the rail deflection variations for various vehicle loads is on average 27% and 34% at the transition zone and in the ballasted track, respectively. Thus, the presence of the transition zone with auxiliary rails for vehicle loads of the range of 180-250 kN had an almost similar effect and led to the reduction in the intensity of rail deflection variations. 
Investigating the Effect of Auxiliary Rails Number
One of the factors that can change track stiffness is the number of auxiliary rails. In this section, the transition zone is investigated with 2, 4, and 6 auxiliary rails. Figure 13shows the rail deflection variations along the track for different numbers of auxiliary rails. According to this figure, as expected, increasing the number of auxiliary rails, decreases the rail deflections in the transition zone. It should be noted however that, by adding 2 auxiliary rails, the track stiffness is very significantly increased, but by adding more auxiliary rails, the intensity of variations is reduced. Furthermore, it can be found that after adding 4 auxiliary rails, the effect of adding further auxiliary rail on the rail deflection variations became approximately insignificant. 
Investigating the Effect of Rail Pad Stiffness
In this section, the effect of railpad stiffness variations in the reasonable range of 40-250 kN/mm (Esmaeili and Heydari 2013) on the behavior of the transition zone with auxiliary rails is investigated. Figure 14 represents the maximum rail deflection variations along the rail line for various railpad stiffness in the cases of presence and absence of the auxiliary rails and Figure 15 shows the rail deflection variations in different track sections (slab track, transition zone with auxiliary rails and ballasted track) for various railpad stiffness values. According to Figure 14 (a), in absence of auxiliary rails, the maximum rail deflection in the ballasted track relative to the slab track has significantly increased for all the railpad stiffness values. The rate of such an increase for the stiffness of 40, 180, and 250 kN/mm was 18%, 35%, and 38%, respectively. These values indicate that by reducing the railpad stiffness, the stiffness difference between the ballasted and slab tracks is reduced and, as a result, the rail deflection variations decrease. It is also observed in this figure that increasing the rail pad stiffness from 180 to 250 kN/mm has a very small effect in the results, indicating that further increase of the railpad stiffness will produce no significant effect. Figure 14(b) shows the maximum rail deflection variations for different railpad stiffness values in the case of using the auxiliary rails at the transition zone. As seen in this diagram, the presence of the auxiliary rails in tracks with railpad stiffness of 40, 180, and 250 kN/mm, causes an increase of rail deflections at the transition zone by 15%, 28%, and 30% respectively and increases up to 18%, 35%, and 38% respectively. Thus, it can be said that for the various cases of railpad stiffness, the use of auxiliary rails can lead to lower rail deflection variations along the track. 
CONCLUSION
In this paper the dynamic behavior of a railway transition from slab track to ballasted track was evaluated with a 3D train-track interaction numerical model. The analyses are mainly focused on the study of the effectiveness of the application of auxiliary rails along the transition zone, after the validation of the model from field measurements. The main conclusions that follow from this study are:
 The use of two auxiliary rails leads to lower rail deflection variations from the slab to ballasted tracks for all analyzed speeds. The increase in rail deflections at the transition zone in the absence of the auxiliary rails was nearly 35% and 40% for low/medium speeds and high speeds, respectively, while with the use of the two auxiliary rails the rail deflection variation at the transition zone decreased to 28% and 33% for low/medium speeds and high speeds, respectively.  The addition of more than two auxiliary rails further decreases the rail deflection variation along the railway transition. However, the reduction is small, making the choice for more than two auxiliary rails less attractive.  The use of softer railpads along the transition segment of the track contributes for a smoother rail deflection variation. It this study it was seen that with auxiliary rails the rail deflection increase from the slab track to the transition zone was about 28% in case of stiff railpads, and only 12,5% in the case of soft railpads. By studying the effect of using auxiliary rails in transitions from slab tracks to ballasted tracks under different loading conditions using a rather detailed 3D FEM train-track interaction model, it was again shown that numerical approaches can be valuable tools to designers and to rail infrastructure managers in assessing and quantifying the influence of different design approaches to mitigate problems at railway transitions.
